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The idea of an asymptotic  analysis of elastici ty problems for  thin bodies is due to Fr iedr ichs  [1, 2], who 
showed that the solution of the l inear elast ici ty problem for an isotropic  plate differs f rom the solution of the 
c lass ica l  Kirchhoff equations in a boundary layer  localized at the edge of the plate. 

An asymptotic analysis of elast ici ty problems of isotropic  and anisotropic shells was made in [3-9]. These 
papers combined the use of the equations of l inear  elasticity theory,  a choice of the degree of s t re tching of 
var iables  f rom the feasibility condition for passing to the K i r chho f f -Love  equations as a l imit,  and the expan- 
sion of the required solution in powers of a small  pa ramete r  proport ional  to the thickness.  

An exact asymptotic analysis of the ax i symmetr ic  elastici ty problem for  an isotropic  cyl indrical  shell 
was performed in [10]. The method of homogeneous solutions was used to est imate the asymptot ic  orders  of 
the charac te r i s t i c  roots of the sysLem and to establish the existence of three corresponding par t icular  solutions 
with different rates  of change along the axial coordinate.  

By using a s impler  method than employed in [10] we establish the same  results  for  an anisotropic cy-  
l indrical  shell as was obtained there  for an isotropic shell: the asymptotic elastici ty problem has a regular  
solution and not more  than two boundary- layer  solutions with different variabil i ty indices. We investigate the 
asymptotic form of the problem and cons t ruc t  i teration sys tems of equations for determining solutions of all 
three types. 

1. We consider  the l inear problem of the ax i symmetr ic  static deformation of an or thotropic  cyl indrical  
shell as a three-dimensional  elastic body. 

Let a, b, and c be, respect ively ,  the half-length, radius of the middle sur face ,  and half- thickness of the 
shell; t n is an orthogonal coordinate sys tem fixed on the middle surface;  the ha are  its met r ic  Lain6 coeffi-  
cients; emn , e44 , %5, and e66 are  elements of the symmet r i c  compliance matr ix of the or thotropic  mater ia l ;  
the Pn = bpn are the components of the external body forces ;  the amn are the components of the symmet r i c  
s t r e ss  tensor;  the emn are  the components of the symmet r i c  s t ra in  tensor;  the Um= bwn are the components 
of the displacement  vector  (the subscr ipts  m and n take on the values 1, 2, 3). 

The independent variables  range over the limits 

t 1 ~ [--cz, ~], t 2 ~ [ - -~ ,  ~], t 3 ~ [- -1 ,  ! ]  (a = a/b). 

The Lain6 coefficients are  given by the equations 

h 1 = b, h~ = b + c t 3 ,  h a = c .  

The compliance coefficients do not depend on e (e = C/b) .  F r o m  the condition of axial symmet ry  the var iable  
pa ramete r s  introduced do not depend on the tangential coordinate t 2. Then the static problem of the l inear e las-  
ticity theory of an anisotropic elastic body is formulated by the following sys t em of differential  equations [11]: 

el I = OWl/Or 1 = e n o . l l  r elz% e + elyr~a, el ~ __ eOwjOt  I + OwjOt3 = se4,%a, (1.1) 

a2% 2 = t~' 3 = a~ (ezlff~l ~ ez2o-2z + e~z%a), 

cow 2 w 2 O w  3 

823 0t  3 E - -  = ee55623 , E33 ~ - -  = E (e31(511 + ea2G22 ~ e33G33), 
a 2 Ot  3 �9 

Ow,,  0 , 0 

~1~ = Otl e.o%,, ~ - ~  (a.,.~O ~ - ~  (a2~3) + 8%r~1 = O, 
o , o + . .  

e - ~ 1  (a~z(~12) ecqa , -~ ~ (a:c~3) + ea,p . . . . .  O~ 
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a,, = i + et~. 

Equa t ions  (1.1) a r e  s u p p l e m e n t e d  by one of the fo l lowing  s y s t e m s  of b o u n d a r y  cond i t i ons :  

a) a s y s t e m  of s t r e s s e s  

b) a s y s t e m  of d i s p l a c e m e n t s  

(/aS l /3=~1  = S~8 ( t l )  , O'n 1 Itl=~r = ~nl'~: (t3)," 

wn[ta=~x = H~a(t~), Wnltl=~a = H~x(ta); (1.2) 

c) a mixed  s y s t e m  w h i c h  c o m b i n e s  s o m e  of cond i t ions  a) and s o m e  of b). 

F r o m  the de f in i t ion  of a s h e l l  

e << 1, e << a. (1.3) 

C o n s e q u e n t l y ,  s y s t e m  (1.1) con t a in s  a s m a l l  p a r a m e t e r .  S ince  fo r  e = 0 the d e r i v a t i v e s  of the fou r  r e q u i r e d  
func t ions  w3, ~1~, a~2, and ~13 wi th  r e s p e c t  to t I in (1.1) va n i sh ,  the  s y s t e m  is  s i n g u l a r l y  d e g e n e r a t e  ( s i n g u l a r l y  
p e r t u r b e d )  [12]. It is  c h a r a c t e r i s t i c  of s u c h  a s y s t e m  tha t  i t s  so lu t ion  does  not  c o n v e r g e  to the d e g e n e r a t e  f o r m  
(for e = 0) in the  i m m e d i a t e  ne ighborhood  of bounding v a l u e s  of tha t  v a r i a b l e  wi th  r e s p e c t  to wh ich  the d e g e n -  
e r a c y  o c c u r s .  The a s y m p t o t i c  method  of bounda ry  func t ions  f o r m u l a t e d  in [12] fo r  s y s t e m s  of o r d i n a r y  d i f f e r -  
en t ia [  equa t ions  t akes  accoun t  of th is  c h a r a c t e r i s t i c  of s i n g u l a r l y  p e r t u r b e d  s y s t e m s .  The a p p l i c a t i o n  of th is  
me thod  to bounda ry  va lue  p r o b l e m  (1.1), (1.2) r e q u i r e s  p r e l i m i n a r y  a n a l y s i s .  

S y s t e m  (1.1) c o r r e s p o n d s  to a homogeneous  s y s t e m  which  a d m i t s  p a r t i c u l a r  so lu t i ons  of the  f o r m  

wn = w~ exp (tll)~ + ta/tO , a,~,, ~ a~n exp (tll)~ +ta/l~), 

w h e r e  w ~  ~ ~  k, and ~ a r e  c o n s t a n t s .  The c o r r e s p o n d i n g  c h a r a c t e r i s t i c  equa t ion  d e t e r m i n e s  the fo l lowing  
r e l a t i o n s  be tween  i ts  r o o t s  k and # and the  s m a l l  p a r a m e t e r  e: k and p do not  depend  on e,  k ~ e # ,  and h ~ 
af~-;  tha t  i s ,  the  s y s t e m  has  t h r e e  types  of so lu t i ons :  1) a r e g u l a r  ( in ternal )  so lu t i on  wi th  a v a r i a b i l i t y  index 

equal  to z e r o ;  2) a b o u n d a r y - l a y e r  so lu t i on  with  a v a r i a b i l i t y  index  equa l  to ~2; 3) a b o u n d a r y - l a y e r  so lu-  
t ion  with  a v a r i a b i l i t y  index  equa l  to 1. The v a r i a b i l i t y  index  is  de f ined  as  the o r d e r  of X r e l a t i v e  to ~ [7]. 
T h e s e  s o l u t i o n s  axe c o n s t r u c t e d  by  u s ing  t h r e e  a s y m p t o t i c  e x p a n s i o n s :  a r e g u l a r  e x p a n s i o n  i n p o w e r s  of e 
wi thout  s t r e t c h i n g  of the ax i a l  c o o r d i n a t e ;  a b o u n d a r y  e x p a n s i o n  in  p o w e r s  of e wi th  s t r e t c h i n g  of  the  ax i a l  
c o o r d i n a t e  p r o p o r t i o n a l  to ~1/2; a b o u n d a r y  e x p a n s i o n  in  p o w e r s  of  ~ wi th  s t r e t c h i n g  of the  ax ia l  c o o r d i n a t e  
p r o p o r t i o n a l  to ~. Consequen t l y ,  the r e q u i r e d  func t ions  w n and a t o m  can  be w r i t t e n  as  the s u m s  

arnn = Xran + Yran-+- Zmn , wn = Un + V~-~  Wn, stun = Umn-}- Vmn + W, nn, (1.4) 

in wh ich  Xmn,  Un, and Umn a r e  r e g u l a r  s e r i e s  wi th  a z e r o  v a r i a b i l i t y  index;  Ymn ,  Vn, and Vmn a r e  bounda ry  
s e r i e s  wi th  a v a r i a b i l i t y  index  of  I/2i Z m n  , Wn, and Wren a r e  b o u n d a r y  s e r i e s  wi th  a v a r i a b i l i t y  index of i .  

2. The r e g u l a r  expans ion  is r e p r e s e n t e d  by the s e r i e s  

Ut, (tl, t3) "~ ehU(nk)(tla t~), Xmn (ix, t a ) =  2 ~ (~) "" ta), = s x ,~  (,.~ (2.1) 
h~O h=O 

X~a(tl~ta) = ~ a~ (k) (tl, t a ) , . x ~ 3  U,-~,~(tl,ta) = ~'ehU(k)(t l ,  ,~n 
h~O k=O 

Subs t i t u t i on  of  t h e s e  s e r i e s  into (1.1) and a c o m p a r i s o n  of c o e f f i c i e n t s  of i d e n t i c a l  power s  of e l eads  to a s e -  
quence  of s y s t e m s ,  the  f i r s t  of wh ich  ( c o r r e s p o n d i n g  to c o e f f i c i e n t s  of a ~ has the  f o r m  

ul  ~ ~176 ( ~  e x u (~ ~ i  e11xll i~. ~ ,  I~ ot 3 O, (2.2) 

h(o) u(O) (o) (o) u(0) Ou(~ 
~ ~ 3 ~ e 2 1 X l l  ~-- e 2 ~ x 2 ~  ~r ~3 -- Ot 3 - -  O~ 

- (~ e x (~ �9 U12 0t  1 

0 (a~xiT) ~- o lax(O)~ (2.2a) 
ot I , ~ \  ~ la , ,~-a~pl=O; 
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0 8 / r  
oi; (a2x~)) + -~3 ta~'x~3 ) ~" ao.po. -:  O; (2.2b) 

0 [a x (~ to) (2.2c) ot--~ ~ ~ as! - -  x2~ + azp a : 0. 

This  s y s t e m  d e t e r m i n e s  the d i s p l a c e m e n t s  as func t ions  of the s ing l e  coord ina te  t~, and leads to the c losed  

s y s t e m  of the z e r o - m o m e n t  theory  of she l l s  

ui~ U,o (t,), ul. o) ~ U2o (~t), u (~ u3o (tl), (2.3) 

e . . Y ( o ~  o) d u i ~  .,.--it + etzX~= = 2 
d t  1 .~, 

o) ,, ~.(o) du~ e, , ,~ .  + 2u(30), ,, ~ ( 0 )  2 �9 
~22z~22 = :  ~66"~12  - -  d t  I t 

X(O) . i f ) = 0 ,  11.1 T ., 

x ? ' , ,  + ~ = 0, 

1 1 

11 - - -  g 1 1 a t a ,  t 2 lS ] - - I  g -  ~ a~pldta, 
- - I  - -1  

1 1 

- - I  - -1  

1 1 

~(o~ i~o) x~o~ '(o) S ~ p d t  ~ - J x~dt~, /~o~ -ra x ( ~  ' ' ~ 2 2  ~ O ,  22 : =  - - t  2 33 J - l - i -  

- - I  - - 1  

w i t h  the s u p p l e m e n t a r y  Eqs.  (2 .2a ) - (2 .2c ) ,  w h i c h  d e t e r m i n e  the t r a n s v e r s e  s t r e s s e s  in  t e r m s  of  the s t r e s s e s  
of the zero-moment state. The transverse strains are determined in terms of the known stresses from the 

following generalized Hooke's law equations: 
. 

UO ~ ~(o) UO3 := o e x(O) 
13 ~ -  ~ 4 4 " ~ 1 3  ~ . ~ 55 23 

U ~  ( O ) [ e  x ( ~  ~(o)~ ~ e 3 1 X l l  T 32 22 , 33~v33 1"  

Expans ion  (2.1) can sa t i s fy  all  the boundary  condi t ions  in both s t r e s s e s  and d i s p l a c e m e n t s  on the c y l i n d r i c a l  

s u r f a c e s  of the she l l ,  but cannot  s a t i s fy  the boundary  condi t ions  on the ends.  

3. The f i r s t  boundary  expans ion  is p e r f o r m e d  in the homogeneous  s y s t e m  c o r r e s p o n d i n g  to (1.1), a f te r  

r e p l a e i n g  the v a r i a b l e  t~ by 

O~ = t J l / 7 .  

It is r e p r e s e n t e d  by the s e r i e s  

Y~3 (01, ta) 

V~ (0~, t3) 

00 

h 0 

oo 

53 t:,), (o,, t. s " . . . .  �9 ., ~ ca ( ~ .  ta) ,  
t~--0 ;: !) 

V,,,,,(O~,G) .... x~ ~,,~,uo(O,, l:~). i. i 1, "' g 1 i n n  . - "  
h = O  

(3.1) 

The a g r e e m e n t  of the dependent  v a r i a b l e s  ind ica ted  h e r e  leads  to the e l i m i n a t i o n  of f r a c t i o n a l  powers  of 
the p a r a m e t e r  e f r o m  the o r i g i n a l  s y s t e m .  Consequen t ly ,  its so lu t ion  can be r e p r e s e n t e d  by an expans ion  in 
i n t eg ra l  powers  of e, so that  the s u m m a t i o n  in s e r i e s  (3.1) needs  to be p e r f o r m e d  only ove r  even va lues  of k. 

By s u b s t i t u t i n g  s e r i e s  (3.1) into s y s t e m  (1.1) with the " s t r e t ched"  independen t  v a r i a b l e  ~1, and equat ing 
coef f ic ien t s  of i den t i ca l  i n t e g r a l  powers  of e, a s equence  of s y s t e m s  is ob ta ined ,  the f i r s t  of which  ( c o r r e -  

sponding  to coef f ic ien t s  of e ~ has the f o r m  

v(o) av(~ _ . (o) e (o) ,,(o~ &,~o) &,~o~ 
i t  e01 e n Y n  ~ j~Y2~, t l 3 : =  , : W ~  ':'<~-7 0, ( 3 . 2 )  

v~)  (o) 1 (o) z (o) v(o, 0<~ 
. == U 3 :-= e 2 1 Y l l  -~ e22Y22  ~ 23 - Ot a : O ,  

&'(3 ~ , (o) a~'!?~ e ~o~ c (~ O, ~1~ -:: ~ ~;Yi~ ; 33 Ot a d0 
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O [_ .(o)'~ , 0 
- ~ l  kU2Yll ! ' (a  ~(0)~ _ : 0; 

o , ,  ))  ..... ) 

O d /ct (o)~ (o~ 

Th i s  s y s t e m  r e d u c e s  to t he  c l o s e d  s y s t e m  of K _ i r c h h o f f - L o v e  e q u a t i o n s  

(3.2a) 

(3.2b) 

(3.2e) 

d"3o ,(o) v,0 (O0, v~~ ~ va0 (00,  (3.3) v ( ~  Vao (9 ' , )  - -  t~ d - ' ~ ( '  c~ 

)~-(o1~ =: -~. e=,. z ' lOt __ el~vao . , _. 

..... 2 ( ~ ~%o(o~)' i ~(o) 2 dve~ (01) ~.(o) =: -d- et1%o ( t  0 - -  %-, ~ ) ,  
x 1 2  = . . . .  d.~ 1 ' . .  e66 

1 

i i ( 0 )  ~,o) I'(i" S (o) ,/,,, r (" '~ 11,1-I- bl : :  O, ::: a 2 Y l l d t s ,  ~z :::: La2Ya3 1-1, 

1 

NO) = g~O) = :  0 ,  } r i~ )  i" a2gl2(O)dts, g2(9" ,,[a2328'(~ 3'1 := ~= t - l ,  12,1 , ,, 

1 1 

x-(O, 1" ( 0 ) . .  y ( O )  i' (O). l t .  y(o) y(2 ) 4- g(O) O, . ~ y~:, a%, = :  --= 6 / 2 ~ 1 3 ~ 3 ,  
--1 - 1  

1 

:tf(o) y (o )  O, M(~~ ) . (o)_,t --- : :  ~3a2~11 (2 3~ ""~ 11,1 - -  18 
- - I  

~ 2 1 d2%o(0~) 

g(z ~ l a U (0)]1 
L 2~ 33 J - - l~  

w i t h  the  s u p p l e m e n t a r y  e q u a t i o n s  (3 .2a ) - (3 .2c )  w h i c h  d e t e r m i n e  the  t r a n s v e r s e  s t r e s s e s  in t e r m s  of  the  t a n -  

g e n t i a l  s t r e s s e s .  The  t r a n s v e r s e  s t r a i n s  a r e  d e t e r m i n e d  f r o m  t h e  f o l l o w i n g  g e n e r a l i z e d  H o o k e ' s  law e q u a -  

t i o n s :  

V~ ee "(~ fro ee "(~ 44//18 ~ v 2 8  = 55Y23,  

i ; o  _ ,' ( o ) - -  (o)  , ~ , (o )~  
~ a  - -  8 I, e31Y11 ,-]- e32/]29. -7 ~38~a3/. 

E x p a n s i o n  (3.1) g i v e s  a s o l u t i o n  of  the  b o u n d a r y - l a y e r  t ype  w i t h  a v a r i a b i l i t y  index  of  1 / 2 ,  w h i c h  s t i l l  d o e s  

no t  p e r m i t  s a t i s f y i n g  a l l  the  b o u n d a r y  c o n d i t i o n s  on t h e  ends  of  t he  s h e l l .  

4. The  s e c o n d a r y  b o u n d a r y  e x p a n s i o n  is  p e r f o r m e d  in the  h o m o g e n e o u s  s y s t e m  c o r r e s p o n d i n g  to (1.1),  

a f t e r  r e p l a c i n g  the  v a r i a b l e  t 1 by 

r I ~ t f f e .  

It  is  r e p r e s e n t e d  by the  s e r i e s  

cc 

Z,,.~ (r~, t~) == ..~ ~',z,~.~ (zl, G), (4.1) 
h=O 

co 

h-.=O 
oc 

:= .~ u...~ tq;v, t3) 
�9 k = O  

and l e a d s  to  a s e q u e n c e  of  s y s t e m s ,  t he  f i r s t  of  w h i c h  (for  ~0) has  t he  f o r m  

(o) ~1  ~ ' e  ~(o) (4.2) 

__ _ _  ~.. - -  =-, e4a.~l~, 
�9 ~' a T l  O t  3 

Otv~ 10) O, . ~ ) -  - 4 0) 

^ Ow(2 ~ (o) 
Ot 3 e 3 t - ' l l  -+ e32~22 ~ "  e33=33 ~ OT 1 
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~z(l~) &(o) /,.it< a.(o) &(o) a+(a) 
. + , a  0 .  ~-+'++ ++2a : .  0 ,  +la ++aa - 0 .  ++Tl I- +f3 " CJTI + ++~ ++1 -~- Ot~- 

Expansion (4.1) gives a solution of the boundary-layer type with a variability index i (Friedrichs boundary 
layer) which in each approximation permits the removal of the discrepancies in boundary conditions on the 
ends of the cylinder generated by the first two solutions. 

5. The question of the convergence of the asymptotic series constructed requires special study. Favor- 
able results were obtained in [13, 14] for plates. 

The ellipticity of system (4.2) and the possibility of satisfying all boundary conditions in each approxi- 
mation ensure the absence of angular boundary layers [15]. 

When series (1.4), (2.1), (3.1), and (4.1) converge they give an exact solution of the original problem. 
Their partial sums give an asymptotically exact solution. 

In particular, the functions 
o o o o y0 Z o w .  = U .  + V= + Wn a n d  Omn = Xm~'~- mn + ran, . 

where U~ X~ V ~ YOn; W ~ Z~ are ,  respect ively ,  the zero-approximat ion  solutions of sys tems  (2.2), 
(3.2), and (4.2), fo rm the s implest  asymptot ical ly  exact solution of the original problem which sat isf ies all 
the boundary conditions. 

0 V0n, Crmn The functions w n = U n + = X~ + Y o  n form a solution which is asymptot ical ly  exact outside 
small  (length of the o rder  be) boundary zones of the shell. This solution is determined either di rect ly  by inte- 
grating sys tems (2.2) and (3.2), or by success ive  integrations of "shell" sys tems (2.3) and (3.3) with "sup- 
plementary" equations (2.2a)-(2.2e) and (3.2a)- (3.2c). 

The functions w n = U ~ and ~mn = X~ are a solution which is asymptotical ly exact outside boundary 
zones of the shell of length of the order  bg-g, and are  determined either by di rec t  integration of sys t em {2.2) 
or  by success ive  integration of (2.3) with the supplementary Eqs. (2.2a)-(2.2c). Thus, the asymptotic  method 
gives a theoret ical  basis for so-cal led  i terat ive theories of shells [11]. It admits i terations refining the Kirch-  
h o f f - L o v e  theory and iterations refining the ze ro -momen t  theory of shells.  

For  an anisotropic shell which has reduced res i s tance  to t r ansve r se  s t r e s s e s ,  for example a shell r e -  
inforced with rigid fibers parallel  to the middle surface ,  the coefficients e33 , e44 , and %5 in Eqs. (1.1) are 
substantially l a rge r  than the other compliance coefficients.  In this case  the necessa ry  condition for the solu-  
tion to be represented by the ser ies  (1.4), (2.1), (3.1), and (4.1) is 

es << t, 

where e max (e33 , e44 , e55) , which narrows down the domain of definition of the dimensions of the shell in 
comparison with (1.3). At the same time the contribution of transverse stresses and strains to the to ta ls t ress-  
strain state of the shell is increased. It becomes increasingly necessary to use the "supplementary" equations 
(2.2a)-(2.2c) and (3.2a)-(3.2c) in determining the transverse components of the stress and strain tensors in 
terms of the tangential components in the first approximation. 

Thus, the solution of an axisymmetric elasticity problem has been constructed for an orthotropic cy- 
lindrical shell. An analysis of the characteristic roots of system (1.1) established that an axisymmetrie elas- 
ticity problem for an orthotropie cylindrical shell has a regular (internal) solution and two boundary-layer 
solutions with significantly different variability indices: one with a variability index of I/2 (Kirchhoff-Love 
boundary layer) and one with a variability index of 1 (Friedrichs boundary layer). Iteration systems of equa- 
tions have been constructed for determining all three types of solutions. 
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